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1 Introduction to Kabsch Algorithm

Kabsch algorithm, or often referred to as Kabsch alignment, is a method for aligning two sets
of points to minimize their RMSD (root mean squared deviation). Kabsch algorithm is a useful
method to quantitatively compare configurations of two point sets in the cases where translation and
rotation do not affect their mathematical structures. This is frequently encountered in chemistry
and biochemistry to compare two conformations of the same molecule or biomolecule — protein is
such an example. In dynamics simulations, the Kabsch algorithm can be adopted to align successive
conformations with a small time gap, excluding rigid-body motions and ensuring that only internal
motions remain. |I]

This algorithm first translates two point sets to ensure their centroids coincide with the origin
of the coordinate system. Then, the optimal rotation matrix is calculated by computing a cross-
covariance matrix of the two point set coordinates. The Kabsch algorithm is routinely solved by
the singular value decomposition (SVD) if it is available for the computed covariance matrix.

1.1 Mathematical Description of Kabsch Algorithm

Let P and Q be two point sets in Euclidean space, each containing N points in R3. Here, we will
find the transformation from ) to P , that is, the optimal translation and rotation operations are
applied to @ to be aligned to P. The sets P and @) are represented as matrices whose columns
correspond to coordinates of respective points:

P e RN and Q € R**V.

For the Kabsch algorithm to be applied, the two point sets are first translated so that their centroids
coincide with the origin

1Y 1 &
P = Pz‘j_ﬁzpija Qij == Qij—NZQijv
j=1 Jj=1

for which one can readily check Zjvzl P = Zjvzl Qi; = 0. The Kabsch algorithm is a method to
find the solution of the following minimization problem:

R* = argmin RMSD(P, RQ)
R

N
= argmin Z 1pi — RGi|%, (1)
L
where R is a rotation matrix in R®, an orthogonal matrix that satisfies RTR = RR" = I € R3*3,
p; and @; are i-th column vectors of P and () matrices, respectively.



1.2 Solving Kabsch Algorithm with the SVD

The minimization problem (1) is routinely solved by SVD, if it can be applied. The cross-covariance
matrix H € R3*3 between the two point sets is calculated as

H=PQ" eR*®  Hjj = PyQji, (2)
where the Einstein summation convention was used. We can then compute the singular value
decomposition of the covariance matrix

H=USV', (3)

where U and V are R3*3 orthogonal matrices and S is a R3*? diagonal matrix. Then, we may need
to correct for improper rotations (i.e., reflections) by flipping the sign of the last column of the V'
matrix. We can check if this is necessary by computing the determinant of UV T:

d = sign(det(UV ). (4)

If d = —1, we need to flip the sign of the last column of V. Otherwise, we can leave it as is. Let
B = diag(1,1,d) be a diagonal matrix with d on the last diagonal element. Finally, we can compute
the optimal rotation matrix R*:

R*=UBV', (5)

If d = 1, the rotation matrix becomes simply R* = UV T. The rotation matrix is applied to Q to
obtain RMSD-minimizing alignment:

Q" =RQ. (6)

2 Differentiating Kabsch Algorithm

We can regard the Kabsch alignment as a function f that aligns a set of N points with a fixed
reference point set P;

f RSN (RSN S BN, f(QiP) = RQ =@ 7)
Then we can define the Jacobian tensor J for the function f as
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Plugging the eq. (5) into eq. (8) yields
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where ¢ is a Kronecker delta and B in eq. (5) was assumed to be the identity matrix. During eq. (9),
we obtained a useful relationship: 0Qpm;/0Qk = 0mi(dj; — 1/N). We then need to compute two
terms: OU/0Q and 0V/0Q, which are discussed in the following sections.

2.1 Differentiating the SVD

U and V matrices are related to @ by the SVD, so 9U/0Q and 9V /9Q are related to the differen-
tiation of the SVD. The general differentiation of the SVD, beyond its application in the Kabsch
algorithm, has been covered by a few prior works. Thus, only a summary of their findings is
presented here. For details, readers are recommended to refer to James Townsend’s work.|2]

Here, we assume that the SVD is available for a matrix H € R™*™ matrix of rank k so that
H =USV", where U € R™*F S ¢ RF*k V € R"¥F. Let’s define a skew-symmetric matrix F as
follows:
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where s; is an i-th diagonal element of S, i.e. s; := .5;;. Note that Einstein summation convention
was not used in Eq.(10). Then, differentials dU, dS, dV can be computed in terms of dH, U, S,

and V:

dU=U(Fo[U"dHVS + SV'dH"U]) + (I,, —UU " )dHV S™* (11)
dS = I o [UTdHV] (12)
dV =V(Fo[SU'dHV +V"dH"US]) + (I, —VV")dH"US™1, (13)

where I, and I}, are identity matrices of rank m and k, and o denotes the Hadamard product.

2.2 Application on Differentiating Kabsch Algorithm

Let’s come back to differentiating the Kabsch algorithm. Note that U, S,V € R3*3. We can compute
oU/0Q and 0V/0Q by utilizing eq. (11) and eq. (13).
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since U is an orthogonal matrix. For 0V /0Q), similarly,
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since V' is an orthogonal matrix. In eq. (14) and eq. (15), there are repeating and symmetric terms.
For simplicity, let’s define a tensor 1" as

OH OH OHpp
T:=U"2=V, Tiju= <UTV> = Uni— o
ij Qi

90 90m Vi (16)



By plugging eq. (2) into eq. (16), T can be computed as
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Now, 0U/OQ can be computed as

gg = U(Fo[TS+S8TT)) = U(Fo[TS +(TS)")) (18)

where the transpose operations in eq. (18) are applied to the first and second indices, and the second
equality holds since S is a symmetric matrix. In element-wise representation,

oU;;
3le

where m and n are dummy indices that are summed over. 9V/9Q can be computed in the same
way,

Uszm][ mnlenj + Smnjynkl] (19)
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where m and n are dummy indices that are summed over. By utilizing eq. (19) and eq. (21), the
Jacobian tensor can be computed as eq. (9).

3 Hessian of Kabsch Algorithm

With the same notion of the Kabsch alignment as a function, we can define the Hessian tensor, H,
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where the relationship of 9Qu;/0Qop = 6mo(djp — 1/N) was used. One can easily check that
the Hessian tensor is symmetric about k,l and o,p index tuples. In eq. (23), most of the partial

derivatives were computed in the previous section, except for the Hessian tensors of U and V/; 8(222662

and 8862278‘/62 These can be computed by utilizing eq. (19) and eq. (21),
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In eq. (24), the following three terms need to be computed: gg,gg and g—g.
For 93 by utilizing eq. (12),
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which has been already calculated. For g—g, by utilizing eq. (10) and eq. (25), in the case of i # j,
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where the Einstein summation convention was not used for indices ¢ and j. In the case of i = j, g—g
vanishes since F' vanishes, which also can be expressed by eq. (26). For g—g, by utilizing eq. (17),
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Now the Hessian tensor of U can be computed as eq. (24). Similarly, the Hessian tensor of V' can
be computed as
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Finally, eq. (24) and eq. (28) are plugged into eq. (23) to complete the calculation of the Hessian
tensor of the Kabsch algorithm, #. All terms that are necessary to calculate the Hessian tensor
come from the differentiation of the SVD. Hence, readers are kindly recommended to read James
Townsend’s work]|2].
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